TREES OF SEMI-SIMPLE ALGEBRAS 



JAN ADRIAENSSENS AND LIEVEN LE BRUYN 



ABSTRACT. To a tree of semi-simple algebras we associate a qurve (or formally smooth 
algebra) St- We introduce a Zariski- and etale quiver describing the finite dimensional 
representations of St ■ In particular, we show that all quotient varieties of the etale quiver 
have a natural Poisson structure induced by a double Poisson algebra structure on a certain 
universal localization of its path algebra. Explicit calculations are included for the group 
algebras of the arithmetic groups (P)SL2 (E) and GL2 (Z) but the methods apply as well 
to congruence subgroups. 



1. Introduction 

Let B3 be the third braid group, generated by <j\ , cr% and satisfying the braid relation 
o\oi<J\ = cT 2 erier 2 . It is well-known that B3 maps surjectively onto 5X 2 (Z) via the map 



1 1 
1 



and (i2 



1 

-1 1 



Moreover, the center of B3 is generated by (crier 2 ) 3 and the quotient is isomorphic to 
P5X 2 (Z) = 5X 2 (Z)/{±1 2 }. Therefore, the study of finite dimensional (simple) repre- 
sentations of B3 can be reduced to that of 5X2(2). 

The group 5X2(2) acts on the upper-half plane fj = {z 6 k : Im(z) > 0} by Mobius 
transformations 



az 



cz + d 

Consider the arc y = {e l9 | -| < 6 < f } then it its translates under the 6X2(2) action is 

an (infinite) tree with fundamental domain the arc @ — — -KjE). As the stabilizer subgroups 
of P (resp. Q, resp. y) are isomorphic to Z/6Z (resp. Z/4Z, resp. Z/2Z) it follows from 
Bass-Serre theory 1 16| that 5X2(Z) is the amalgamated group product 

5X 2 (Z) ~ Z/6Z * Z/2Z Z/4Z 

More generally, if G is a subgroup of finite index d in 5X 2 (Z) (for example, congruence 
subgroups r(7V), Tq(N) or Ti(N)) then the fundamental domain h/G is a Riemann sur- 
face of genus g having m cusps, e 2 elliptic points of order 2 and e$ elliptic points of order 
3 where all these numbers are related by the Riemann-Hurwitz formula 

g = 1 + — (d - 6m - 4e 2 - 3e 3 ) 

The induced action of G on the infinite tree above has a finite tree as fundamental domain 
and again by calculating stabilizer subgroups of vertices and edges, the groupstructure of 
G follows as an iterated amalgamated group product, a tree of groups see 1 16) §5]. 

As all these groups are virtually free (that is, they have a free subgroup of finite index), 
their groupalgebras kG are qurves (that is, quasi-free algebras in the Cuntz-Quillen termi- 
nology of (5) or formally smooth algebras in Kontsevich terminology |9|) by 1 12 1. Hence, 
techniques from non-commutative geometry can be used to study their finite dimensional 
representations. The main purpose of this paper is to initiate such study and as the main 
results hold in the more general setting of trees of semi-simple algebras St they will be 
stated as such. We will illustrate the main results of this paper here in the special case of 
5X2(Z). We should remark that in general an arithmetic group does not fit necessarily 
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into this framework as it may contain free components. However, these components do not 
produce additional problems as is explained in remarks^andl^] 

First we prove that the study of finite dimensional representations of a tree St of semi- 
simple algebras is equivalent to that of a certain universal localization of a finite dimen- 
sional hereditary algebra. For SL,2(Z) this algebra is the 22-dimensional path algebra of 
the bipartite quiver T 




{p is a primitive 3rd root of unity). The fact that T is bipartite corresponds to the fact 

that the fundamental domain-tree for SL2 (Z) is reduced to one edge ®— The left 
vertices of T correspond to the simple representation of the stabilizer subgroup of Q (that 
is, Z/4Z) and the right vertices to those of Z/6Z (being the stabilizer subgroup of P). An 
arrow is drawn from a left to a right vertex whenever there is a Z/2Z-morphism between 
the simples (Z/2Z being the stabilizer subgroup of the edge). 

To an n-dimensional representation V of SL2CZ) ~ Z/4Z *z/2z Z/6Z we associate a 
representation of the quiver T where the left (resp. right) vertex-spaces give a decomposi- 
tion of V lz/4z (resp. of V 4z/6z) mt0 simples and where the arrows are the components 
of the Z/2Z-isomorphism 

{V 4z/4z) lz/2Z * (V |z/6z) J.Z/2Z 

That is, V determines an n-dimensional representation of the universal localization kTs 
where £ is the morphism between projective right kr-modules determined by the matrix 



E = 



an 





031 








022 





042 


ai3 





033 








024 





044 


015 





035 








026 





O46 



where ay is the arrow from the i-th left vertex to the j-th right vertex. Alternatively, fi- 
nite dimensional SX2(Z)-representations determine 6*-semistable T-representations (where 
8 = ( — 1, — 1, — 1, —1; 1, 1, 1, 1, 1, 1)) for which the matrix S becomes invertible. As 
such the quotient varieties iss„ SL2CZ) representing isomorphism classes of semi- 
simple n-dimensional ST^Z) -representations decompose into irreducible components 
iss Q SL2 (Z) which are affine open pieces of moduli spaces moduli^ T of #-semistable 
representations of T as introduced in 1 8 1. 

It turns out that moduli spaces of quiver representations are much harder to study than 
algebraic quotient varieties of quiver representations. In our previous paper 1 1 1 we reduced 
local quivers to reduce the etale local structure of these moduli spaces to quiver quotient 
varieties. From 1 12 1 we recall that all these local quiver settings are determined by one 
etale quiver ^ associated to SL2 (Z). The vertices of ^ correspond to those components 
iss Q SLi2(1>) consisting entirely of simple representations. These are precisely the 12 
one-dimensional representations {Si, . . . , S12} of SL 2 (Z) corresponding to the following 
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dimension vectors for T 



9i 


= (1,0,0,0,1,0,0,0,0,0) 


97 


= (0,1,0,0,0,1,0,0,0,0) 


92 


= (0,0,1,0,0,0,1,0,0,0) 


98 


= (0,0,0,1,0,0,0,1,0,0) 


<93 


= (1,0,0,0,0,0,0,0,1,0) 


99 


= (0,1,0,0,0,0,0,1,0,0) 


94 


= (0,0,1,0,1,0,0,0,0,0) 


9io 


= (0,0,0,1,0,1,0,0,0,0) 


95 


= (1,0,0,0,0,0,1,0,0,0) 


9n 


= (0,1,0,0,0,0,0,1,0,0) 




= (0,0,1,0,0,0,0,0,1,0) 


,912 


= (0,0,0,1,0,0,0,0,0,1) 



The number of arrows between two vertices in VP is given by — xr(gi, gj) where \r is the 
Euler-form of T. The etale quiver for SLi(l^) has the following form 




The quiver "J can be used to determine all components iss Q ST^Z) which contain a 
Zariski open subset of simple representations. Write 

a = axgi + . . . + a 6 g 6 + big 7 + . . . + b§g\i 

then this is the case (using the results from 1 13 1) if and only if the following inequalities 
are satisfied for all 1 < i < 6 

at < a i+ i + cii-i and bi < b i+ i + bi-i 

where indices are taken modulo 6. Another application of ^ is to determine the dimension 
vectors a such that the quotient variety iss Q SX2(Z) is smooth. Using the results from 
1 3 1 this is the case if and only if a corresponds to the dimension vectors a — (ai, . . . , clq) 
and b = (pi, . . . , be) of \& where both components are one of the following (upto cyclic 
permutation of vertices) 




for some to, n, p, q € N. This is a consequence of the general fact that there is an etale iso- 
morphism between the quotient variety iss^ s ^ ^ near the point corresponding to the zero 
representation and the quotient variety iss a 5ia(Z) near the semi-simple representation 

M — C©ai as as C©ae as cffifcl as as C©&6 
ivjQ/ — O-^ tt> ■ ■ • VP Oq \V Of • • • tP 

Hence, studying the quiver quotient variety iss^ s ^ ^ near allows us to construct a 
Zariski open subset of iss Q SL^iJfc) near M a . More generally, the etale quiver '5 contains 
enough information to determine the local quiver setting whose quotient variety gives the 
etale local structure of iss Q SX2(Z) in any point, see fl2l for more details. 
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Observe that the etale quiver W of SL 2 (Z) is the double quiver of two extended Dynkin 
quivers of type A5 and as such carries a non-commutative symplectic structure, see 1 7 1 or 
|4). As a consequence, all quotient varieties iss a SL%(7j) are locally symplectic varieties. 
For an arbitrary tree St of semi-simple algebras this is no longer the case. However, we 
will prove that in general the quotient varieties iss Q St are locally Poisson varieties, where 
the Poisson structure is induced from a double Poisson structure (introduced in 1 17 1) on a 
certain universal localization of the path algebra of a double quiver determined by the etale 
quiver of St ■ 

The etale quiver corresponding to such a tree St of semi-simple algebras is shown 
to be always symmetric, and when there is an even amount of loops in each vertex it will 
be even double. This allows us to define the necklace Lie algebra and with it vectorfields 
and flows on the quiver quotient varieties. Indeed, one-way necklaces will correspond to 
locally nilpotent symplectic derivations, giving rise to symplectic flows on the path algebra 
and on the affine quotient varieties iss a St- For SL2 (Z), this allows for a very straightfor- 
ward description but for the construction is slightly more exotic. Finally we turn 
these flows in to integral curves by constructing natural compactifications of these quotient 
varieties. 

The present paper is an updated and expanded version of the unpublished paper 1 2 1 . 



2. The Zariski quiver 

In this section we introduce the main topic of investigation : trees of semi-simple alge- 
bras. We will show that the representation varieties of these qurves can be identified with 
those of certain universal localization of finite dimensional hereditary algebras. As such, 
all these varieties are rational varieties. 

Throughout, we work over an algebraically closed field k of characteristic zero. Recall 
that if S is a (finite dimensional) semi-simple k-algebra and if A, B are S'-algebras, then 
the amalgamated free product A *s B is the k-algebra determined by the following uni- 
versal property. For all k-algebras D and all k-algebra morphisms <fi : A >- D and 

tp : B «- D such that <f>\S — ip\S there is a uniquely determined k-algebra morphism 

A *$ B ► D making the diagram below commutative. 




S A* S B D 




B 



Recall from 1 12 1 that a qurve is a k-algebra A such that the universal bimodule f2j(A) 
of derivations is a projective A-bimodule. Remark that qurves are called quasi-free alge- 
bras in 1 5 1 and formally smooth algebras in @. If A and B are qurves, then so is the 
amalgamated product A *s B by 111 21 lemma 1]. 

Definition 1. A tree of semi-simple algebras St is determined by the following data 

• A finite tree T with vertices V and edges E. 

• For every vertex v G V a semi-simple k-algebra S v . 

• For every edge © — - — © S E a semi-simple k-algebra S e and distinguished 

embeddings S e c "' v - S v and S e c S w . 

The algebra St is the k-algebra determined by the universal property that for every k- 
algebra B and k-algebra morphisms <fi v : S v ►• B satisfying (f> v \S e = 4> w \S e for every 

edge © — - — © G E there is a unique k-algebra morphism St * B making the above 

diagrams for every edge commutative. 
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The algebra St can be constructed inductively by considering dropping an edge 

— - — © such that w is a leaf of T and replacing S v by the amalgamated product 
S v *s c S w and iterating this process until the tree is reduced to its root. As all algebras 
obtained satisfy the required universal property, St does not depend on the choices made. 
From this construction the next result follows. 

Proposition 1. A tree of semi-simple algebras St is a qurve. 

From this and |10| it follows that for any natural number n G N the affine scheme 
rep n St of n-dimensional representations of St is a smooth variety, though it may have 
several connected (= irreducible) components 

re P„ S T = |J rep Q S T 

\a\—n 

The label a determining such a component is called a dimension vector of total dimension 
n. We will show that these dimension vectors a actually correspond to certain dimension 
vectors of a finite quiver Y = Y(St)- 

For a tree St of semi-simple algebras we have decompositions of the vertex- and edge- 
algebras in matrix-algebras 

Sv = M dv{1) (k) © ... © M dv(nv) (k) resp. S e = Af (J>(1) (k) © ... © M de(ns) (k) 

The embedding S e c ►> S v can be depicted by a Bratelli-diagram or, equivalently, by 

natural numbers af^ for 1 < i < n e and 1 < j < n v satisfying the numerical restrictions 

d v (j) = J]] a ij V,> d e (i) for all 1 < j < n v and allv^V and e G E 

i=l 

Remark that these numbers give the restriction data, that is, the multiplicities of the simple 
components of S e occurring in the restriction Vj ls e for the simple components Vj of 
S v . 

From these decompositions and Schur's lemma it follows that for any edge — - — © 
in the tree T we have 

HomsM v) ,V^) = go^agT' = n% 
k=l 

Definition 2. For a tree St of semi-simple algebras we define the quiver Y = Y{St) as 
follows 

• Vertices : for any vertex v € V of T take n v vertices {pjf ' , . . . , fj!n}} (corre- 
sponding to the matrix-components of S v ). 

• Arrows : take the unique root-to-leaves orientation T on all the edges ofT. For an 
edge © — - — © in T we add for each 1 < i < n v and each 1 < j < n w precisely 
nf^ arrows between the vertices pJ- and pSj oriented in the same way as the 
edge e in T. 

We call Y the Zariski quiver of the tree of semi-simple algebras St- 

Example 1. The integral general linear group GL^il) is the amalgamated free group 
product of dihedral groups Dq *d 2 D4, (see for example 1211 Thm. 23.1]j. Consider a 
hexagon (having symmetry group Dq) and a square (having symmetry group D4) lined up 
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as 




-D4 is generated by U ( rotation by 90°) and R ( symmetry along the line ) and has 5 conju- 
gacy classes : {1, R, R' , U, C} where C is the central point reflection and R is reflection 
along a line through two midpoints of edges of the square. Dq is generated by V ( rota- 
tion over 60°) and R and has 6 conjugacy classes " {1, R, i?" , V, V 2 , C} where R" is a 
reflection along a line through two midpoints of the hexagon. The common subgroup D2 is 
generated by C and R and is Klein's Vierergruppe. Let {X\, . . . , X§} (resp. {Yi, . . . , Yg} 
and {Z\ , .... Z4} be the simple representations of D4 ( resp. of Dq and D2). We obtain the 
restriction data 



Da Id 2 


1 


c 


R 


R 


X\ |_D 2 


1 


1 


1 


1 




1 


1 


-1 


-1 


X3 Id 2 


1 


1 


1 


1 


X4 Id 2 


1 


1 


-1 


-1 


X5 Id 2 


2 


-2 








D 2 = Zi 


x 2 


[d 2 = 


Zi 


x 3 i 



Dq Id 2 


1 


C 


R 


R" 


Yi Id 2 


1 


1 


1 


1 


Y 2 Id 2 


1 


1 


-1 


-1 


Y 3 Id 2 


1 


-1 


-1 


1 


Y 4 Id 2 


1 


-1 


1 


-1 


Y 5 Id 2 


2 


-2 








Ye Id 2 


2 


2 









and 



whence 

X\ Id 2 = Zi X 2 Id 2 = Zi X 3 Id 2 = Z\ X4 Id 2 = Za X 5 [t> 2 
Y\ [d 2 = Zi Y2 Id 2 = Zi I3 Id 2 = Z2 
YaId 2 = Z 3 Y 5 Id 2 =Z 2 ® Z 3 Y 6 l D2 =Zi®Zi 
Therefore, the Zariski quiver r(GX2(Z)) has the following form 







Xi cr"" 




x 2 cry 


/ P Y3 


x 3 c(j>Q 




Xi 






y 6 



which decomposes into the two connected components given in the introduction. 

Observe that since T is a tree, there are no oriented cycles in the Zariski quiver T = 
T(Sr) of a tree St of semi-simple algebras. As a consequence, the path algebra kT is 
a finite dimensional hereditary algebra. One can show, see 1121 Prop. 8], that any n- 
dimensional representation of St is isomorphic to an a-dimensional representation of kT 
where the dimension vector a — (eel ' w G V, 1 < i < n ) is an n-dimension vector, 
that is satisfies the following numerical restrictions 

• For every vertex ueFwe have Yn=i d v (i)a^ = n. 
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For every edge ©- 



-© and all 1 < j < n e we have 



i=l 



fc=l 



These restrictions encode the requirement that any n-dimensional representation V of St 
when restricted to a vertex semi-simple algebra S v decomposes into a direct sum of simples 
and that the identification of two such decompositions V J. S v and V j S w for an edge 

— - — © must be an S e -homomorphism. We refer to lfl"2l §7] for more details. An 
alternative proof uses a certain universal localization kT% of the finite dimensional algebra 



Recall that every vertex fj,^"' of T^t) determines an indecomposable projective right 
module 



Pr 



e M kr 



where e («j is the vertex-idempotent. Observe that a Ik-basis of P v i is given by the paths 
in T terminating in the vertex Hence, if © — - — © is an edge in the tree T and 

if (^) — ~ ~*"(JP) i s an arrow in T(St), then left-multiplication by a determines a right 
k7-module morphism Pi tV — — »■ Pj W between the indecomposable projective right kT- 
modules. In fact, for the given edge © — - — © we will define a right kr-module morphism 



P, 



Pi 



Pr 



<=1 ■*«' 



(ev) 



matrix with entries zeroes ex- 



determined by the Y^jZi 

cept for exactly Yn=i Sj=i n ij' entries (each corresponding to one of the paths in T corre- 
sponding to the edge e) at the appropriate places to encode the fact that these paths describe 
an Se-morphism. 

Example 2. One of the two components ofT(GL2(Z)) corresponds to the situation 

Zn 




whence 



a 

b 

c 

d 



P? 



P? 



is the corresponding morphism of right kr '-modules. 

Repeating this procedure for every edge e s E we obtain a set E = {er e : e S E} 
of right kr-module morphisms. Recall from 1 14 1 that the universal localization kTs is the 
algebra with the property that all extended module morphisms a e <g> kTs are invertible and 

'minimal' as such, that is, whenever there is a k-algebra morphism kr ► B such that 

all a ® B are invertible, then there is an algebra morphism kTs ► B inducing these 

isomorphisms. 

Theorem 1. For a tree St of semi-simple algebras, there is a natural one-to-one corre- 
spondence between 

• Isomorphism classes of finite dimensional St -representations. 

• Isomorphism classes of finite dimensional kr(<Sr)s- representations. 
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Proof. Left to the reader. Compare with [ 12 Prop 8]. □ 

Remark 1. We can extend the setting to allow for free group or free algebra components. 

If the vertex algebra S v ~ k[x] or k[x, x~ x ] is connected to the tree by © — then 
S e ~ k and the corresponding bipartite part of the Zariski quiver has the form 

or O— O 




depending on whether S w is a semi-simple algebra on k components or is ~ k[x] or 
k[x, a; -1 ]. The rest of the arguments can then be repeated verbatim. 



3. The Etale quiver 

The results of the previous section can be summarized by stating that the scheme of n- 
dimensional representations of a tree St of semi-simple algebras decomposes into a finite 
disjoint union of its irreducible components 

rep n S T = [J rep a S T = \_\ GL n x GL ^ rep a U a 

\a\—n \a\—n 

where a is an n-dimension vector of T(St) and where U a is an affine Zariski open subset 
of the quiver-representation affine space rep Q T(St) determined by the determinant of 
the matrix obtained from the set of morphisms E. Moreover, the action of GL n encoding 
isomorphism classes is the same on both sides. 

In this section we will study the quotient varieties iss„ St = |Ji ss a <5t under the 
GL n -action which classify the isomorphism classes of semi-simple n-dimensional repre- 
sentations of the tree St of semi-simple algebras. To this end we introduce the etale quiver 
# = *(5 T ) see [12|. 

Definition 3. Let St be a tree of semi-simple algebras with Zariski quiver T and corre- 
sponding Euler-form xt- We construct the quiver $ = ^(St) as follows 

• Vertices : let S be the commutative semigroup of all n-dimension vectors for T (for 
all n) and let {cti, . . . , a^} be the set of semigroup generators. Then, ^ will have 
k vertices, vertex i corresponding to the generator on. 

• Arrows : the number of oriented arrows © *-© in ^! is given by the formula 

Sij - Xr(ai,aj). 

We call ^ = ^(St) the etale quiver of the tree St of semi-simple algebras. 

Example 3. Continuing example^] we calculate that the first component of the semigroup 
corresponding to GL2CZ) has 8 generators (4 for n — 1 and 4 for n = 2) 





n 


ai 


a-2 


«3 


ai 


h 


b 2 


be 


9i 


1 


1 











1 








92 


2 


1 


1 














1 


93 


2 








1 


1 








1 


94 


2 


1 








1 








1 


95 


1 





1 











1 





96 


2 





1 


1 











1 


97 


1 











1 





1 





9s 


1 








1 





1 
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and the second component gives an additional couple of generators (for n = 2) 





n 


0>5 


&3 


fe 4 




99 


2 


1 


1 


1 





9w 


2 


1 








1 



Using the Euler-form ofY(GLi{TL)) we deduce that the etale quiver ^(GL^^)) has two 
components, namely 




>(35) (39): 



In these two examples we see that the etale quiver ^ is symmetric, that is, for all vertices 
i, j we have 

# { © KD } = # { © KD } 

(though the number of loops in a vertex may be odd, as is the case in the second component 
of -i\)(GLi(7L))). This is not a coincidence. 

Theorem 2. For any tree St of semi-simple algebras, the corresponding etale quiver = 
^(St) is symmetric. 

Proof. We'll prove this theorem by induction on the number z of edges of the tree. For 
z = 0, the statement is trivial as the euler form of the quiver T is xr = I, and thus the 
quiver also has euler form = / so there are no arrows in 

Let the theorem be true for trees with z — 1 edges. We now add a vertex S' with edge T 
to an existing vertex S, 

®^-0 

with 



S = ^M h (k) and S' = 0M ra ,(k) and T = 0M fei 

i— 1 i— 1 i— 1 

Using all notations and conventions as before, we get 
an ... ai 



V 











V 




mi 








and 








fcjy 




_m t _ 





fell ... fe ir 

6 t l ... b tr 





V 







For a dimension vector 



/?=(... • • • , <?!, • ^ ,gt ) 

M| s M| s , 
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of an n-dimensional representation M of the amalgamated product of the extended tree 
of semisimple algebras we get the following equality, using the restrictions (M|s)|t and 
(M\ s >)\t, 

(t) [Pl ■■■ Ps] A=[ Ql ■■■ q t ] B. 

This leads to the construction of the extended tree-partite quiver, giving a bipartite quiver 
for every edge of the tree, where the vertices corresponding to S and S' are their simple 
components and where the number of arrows rnj between the i'th vertex of S and the j'th 
vertex of S' is determined by the matrix 



D 



nit 



n s i ... n st 



an 



a s i 



ai r 



bn 



bti 



A B T 



Adding the vertex S' extends the euler form \ of the tree-partite quiver on z — 1 edges 
downwards and to the right, giving the euler form \' f° r the tree-partite quiver for the 
extended tree 













X 


-D 












••• 


It 



where the row of the matrix D corresponds to the existing vertex S. 

We now calculate the number of arrows in the one quiver ^ corresponding to this euler 
form x' between dimension vectors 



/?=(... ,pi, . . . ,p s , ...,qi,...,q t ) 



and 



/?' = (... ,p'i, . . . ,p' s , ...,q'i,...,q' t ) 
using X '(P,P')=P-X' -P', 



P ■ x' ■ = P\ q ■ X ■ /?v - [Pi ' ' ' P-] D 



9t. 



It 



It. 



The difference between the number of arrows in one direction and arrows in the other 
direction should be zero for the quiver ^ to be symmetric. Indeed, 



P-X' -P' -P' -X' -f3 = -[Pi ■■■ Ps]D 



It. 



[p'i ■■■ P's]D 



qt 



is the sum of two scalars so taking the transpose of the second summand makes this equal 
to 



Q'l 



( 



or 



[Pi 



[Pi 



Ps]D 



A. 



Ps] A B T 



q'i' 



[Pi 



P']D 



qi 



qt 



qt] B A T 
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which is according to equation |J). □ 

Remark 2. The results remains true if we allow vertex algebras S v ~ k[x] or k[x, x -1 ]. 
77ie Euler form of the relevant part is then 

D -1 ... -1 







and the dimension vectors a — (ao, ai, . . . , dfc) anc/ /? = (6q, ■ ■ ■ , &fc) satisfy ao = 
Y,i=i a i an d K =J2i=i^i whence 

k 

X( a > 0) = ^2 a i b i ~ a o b o = X(P, ") 

i=l 

A first application of the etale quiver vP(5t) is that allows us to determine the com- 
ponents rep Q St containing a (Zariski open subset of) simple representation(s) of St- 
Recall that in H 1 31 a characterization was proved of the dimension vectors of simple rep- 
resentations of quivers. Remark that if on is a generator of the semigroup S of non-empty 
components in the representation varieties of St, then all points of rep Q St are simple 
representations. As a consequence, for any component rep a St we can write 

a — n\Ci\ + . . . + nuotk 
with all m G N and hence rep Q St contains semi-simple representations 

M = Sf ni © ... © S® n " 
with Si a simple representation in rep a St- 

Theorem 3. Let St be a tree of semi-simple algebras with associated etale quiver \& and 
Euler-form x^- Let {cxi, . . . , «&} be the set of generators of the semigroup of non-empty 
components rep Q St of the representation varieties of St- Then, the following statements 
are equivalent 

(1) The component rep Q St contains a simple representation. 

(2) The component rep Q St contains a non-empty Zariski open subset of simple rep- 
resentations. 

(3) For a decomposition a — ri\U\ + . . . + nyy-h with all m £ N we have that 
f3 = (m, . . . , nu) is the dimension vector of a simple representation of'fy. 

(4) For any decomposition a = n\oi\ + . . . + rikOtk with all S N we have that 
(3 = (ni, . . . , Uk) is the dimension vector of a simple representation of'fy. 

Recall from [ 13 1 that (3 is the dimension vector of a simple representation of^> if and only 
if supp(/3) is a strongly connected subquiver of^ and for all vertices i G supp(/3) we have 
X*( e ij/3) < and X&(Pi e i) < unless supp(/3) = {i,j} or {i} and there is just one 
arrow from i to j (and one form j to i by symmetry) (resp. one loop in i) in which case the 
non-zero components of (3 are equal to one. 

Proof. Compare with [12 Prop. 6]. Equivalences (1) and (2) follow from Schur's lemma. 
Equivalences (3) and (4) follow from the fact that the component rep Q St is an irreducible 
variety. □ 

A point £ of the quotient variety iss Q St = re P Q StIGL u determines a semi-simple 
representation 

M 6 = T® ei © ... © T® ei 

where each G repg. St is a simple 5-r-representation. Observe that by the foregoing 
result we have full information on the dimension vectors /3,; which can occur in such a 
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decomposition. Each of the /3, can be written (possibly in several different ways) as a 
linear combination of the generators ay 

fa = cfai + ... + c^a k with cf 6 N. 

Define the dimension vectors (of the etale quiver ^ = ^(St)) 7i = {cf 1 , . . . , c?). 

Definition 4. The local quiver setting of is the quiver A^ and the dimension vector 
where has 

• I vertices {v\, . . . ,vi} corresponding to the non-isomorphic simple components of 
Mjr, and 

• — X*(7ii7j) directed arrows @ K^)- 

• The dimension vector = (e±, . . . , e;) corresponding to the multiplicities of the 
simple components in M^. 

Remark that as ^ = ^(St) is symmetric, so is the quiver A^. Observe that all information 
about the possible local quiver settings is contained in the etale quiver ^(St)- 

The main use for the local quiver settings is that they determine the etale local structure 
of the quotient variety iss Q St in the point £ (which also explains the terminology etale 
quiver for ty). 

Theorem 4. There is an etale isomorphism between 

• iss Q St in the point £ and 

• iss Q? Ajr in the point determined by the zero representation. 

Proof SeedThm4]. □ 

In particular, this result can be used to determine the smooth locus of the quotient vari- 
eties iss a St using the fact all local quivers are symmetric and the characterization, due 
to RafBocklandt[3|,of all coregular symmetric quiver settings. 

Definition 5. Let IS. be a symmetric quiver and a a dimension vector. We say that the 
quiver setting (A, a) is a cherry-tree if the following conditions are satisfied 

• Replace in A|supp(a) each symmetric-arrow pair by one solid line, then (mul- 
tiple) cherries can grow only at a node where a is equal to one and where one 
cherry looks like 

© or © with k < n. 

V I 

• After harvesting all cherries, we are left with a tree made from mini-branches of 
the following forms 

(1) © © 

(2) © © © 

(3) © © © 

joined at common nodes where a is equal to one. 

Theorem 5 (Bocklandt,||3)). The following are equivalent 

(1) The quotient variety iss a A is smooth. 

(2) The quiver setting (A, a) is a cherry-tree. 

As all local quivers A^ are symmetric, theorem |4] and Bocklandt's result allow us to 
verify whether £ G iss Q St is a smooth point. Further, we can use the etale quiver 
^ = ^(St) to determine the components iss Q St which are smooth affine varieties. 

Theorem 6. The following are equivalent 

(1) The quotient variety ±ss a St is smooth. 
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(2) For any decomposition a — n\OLx + . . . +nj,aj. with n, S N ant/ ctj fne generators 
of S, we have that , /3) is a cherry-tree where [3 = (m, . . . , rife). 

Proof. For a decomposition a = niai + . . . + n^a^ we obtain points £ in iss a St with 
corresponding semi-simple module 

= S*®" 1 © ... © S , ®" fc with 5^ a simple c^-dimensional representation 

and one verifies that the local quiver setting in such a point (Aj, at) = (5'|supp(/3), /3). 
Hence, (1) implies (2). Conversely, (2) implies that iss a St is smooth in the points £ 
constructed as above. As any other point degenerates to one of the £'s, see for example 
HI 31 . the result follows. Alternatively, if ip is another point, its local quiver setting can be 
obtained from one of the (A^, a^) above and smoothness is preserved under taking local 
quivers. □ 



4. Double Poisson structure 

In the foregoing section we have seen that the local structure of the quotient varieties 
iss a St near a point £ is determined by a symmetric local quiver setting iss Q? A^. In this 
section we will prove that these quiver quotient varieties have a lot of additional structure, 
in particular, they carry a natural Poisson structure induced by a double Poisson algebra 
structure, as introduced by Michel Van den Bergh in 1171 . on a suitable universal localiza- 
tion of the path algebra of a quiver related to the etale quiver. 

Definition 6. From 1171 we recall that a k-algebra A is said to be a double Poisson algebra 
if there is a bilinear map 

{-,-} :AxA ► A® A 

satisfying the following properties for all a,b,c 6 A 

(1) {a,bc} = {a,b}c+b{a,cl. 

(2) {a, bj = -{{6, a}° where (u ® v)° = v ® u. 

(3) fa, 6, c}} = {a, f 6, cJ} L + ni23) p, f c, a}} L +r (132) |c, {a, b}} L = where 
ifl b > c } = ® w (2) then fa, $b,c}J L = fo,ti(i)}- ®it(2). 

If A is a double Poisson algebra, there are induced Poisson structures on all its repre- 
sentation schemes rep ?l A and corresponding quotient schemes iss„ A. Observe that any 
a 6 A defines matrix-valued functions 6 k[rep ?l A] and by 1 17 Prop 1.2] the Poisson 
bracket on k[rep n A] is defined by 

{aij,b uv } = (fa,&J(i))tt J ({a,&J(2))fc 

Recall from |13| that k[iss„ A] is generated by the functions an = tr(a) for a 6 A 
and from 1 17 Prop 7.7.2] we recall that there is a unique induced Poisson structure on the 
quotient variety iss„ A coming from the Poisson structure on k[iss n A] given by 

{tr(a),tr(b)} = tr{a,b} 

Observe that these brackets define plenty of additional structure (differential forms, poly 
vectorfields, Schouten brackets, Hamiltonian structure etc.) on the representation schemes 
rep n A and their quotient schemes iss„ A, see 1171 §7] for more details. 

In this paper, we are only interested in the canonical double Poisson structure defined 
by Michel Van den Bergh on the path algebra A = kA d of a double quiver A d . 

Definition 7. If A is a finite quiver on vertices {1, . . . , I}, then its double quiver A d is the 

extended quiver obtained from A by adjoining for every arrow a ( resp. loop I) in A a new 
arrow a* (resp. loop I*) in the reverse direction, that is, if 



— — KD then we have ©-« — - — © 

a* 
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and for any loop I in A 



cx o 

^— we have a new loop ©-*^ 



Observe that a symmetric quiver is a double quiver if only if the number of loops in every 
vertex is even. 



Let V = k x ... x k be the subalgebra of kA d generated by the vertex-idempotents e^. 
For every arrow (or loop) © — in A d we define the ^-derivation 

leDer v (kA d ,kA d ®kA d ) by ^ = if6 = c 

dc dc 10 otherwise 

Consider the canonical differential 2-form (the Hamiltonian structure of 1 17 §6.3]) 

P = Y 11 

^— ( da da* 

agA 

then this defines a double Poisson algebra structure on the path algebra kA d by taking for 
all paths p, q G kA d 

_<9<Z_ dp dp _<9<Z_ _ dq dp_ dp_ dq 

da* (i) da (2) da (i) da* (2) da (1) da* (2) da* (1) da (2) 

This double Poisson structure then induces canonical Poisson structures on all representa- 
tion varieties rep Q A d and their quotient varieties iss a A d . 

For a tree 5t of semi-simple algebras, the local structure of the quotient varieties 
iss Q St is given by a symmetric (rather than a double) quiver. Still, this is only a mi- 
nor annoyance. 

Theorem 7. For any symmetric quiver setting (A, a) there is a canonical Poisson structure 
on the quotient variety 

±ss a A 

induced by a double Poisson algebra structure on a universal localization of the path alge- 
bra kA of an associated double quiver A. 

Proof. As A is symmetric all non-loop arrows appear in pairs {a, a*} so we only have to 
worry about unaccompanied loops / in certain vertices i. The trick is to extend the quiver 
A for each such loop by adding a new vertex i' and replacing the loop I by a pair of arrows 

{ai,aj} 

becomes 
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If we repeat this procedure for all loose loops we end up with a double quiver A. By the 
above remarks, its path algebra kA carries a canonical double Poisson algebra structure. In 
kA consider the set of arrows S = {a; : I a loose loop }. 

By 1 17 Prop 2.4.3] the double Poisson bracket {{ — , — ]}• on kA extends uniquely to a 
double Poisson bracket on the universal localization A = kA^. As the matrices corre- 
sponding to the arrows ai in a finite dimensional representation of A must be invertible it 
follows that repg A is empty unless (3 = a whenever a(i') = a(i). Moreover, the map 

rep~ A rep Q A 

sending all matrix-couples (M(ai), M{a*)) to M{a\)M{a{) is a principal fibration with 
group the basechange group in the additional vertices. As a consequence, we have that 

issg A ~ iss a A 
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finishing the proof. □ 

Example 4. The canonical etale Poisson structure on the quotient varieties iss Q Gli2^£) 
is induced from the double Poisson algebra structure on the double quiver A d where A is 
the quiver 




and extended to the universal localization by inverting the •-arrow. 

If •{[— , — J is a double Poisson bracket on A we recall from 1 17, Prop 1.4] that the 
induced bracket 

{-,-} : Ax A ► A (a,6)^{{a,6S (1) {{a,6}} (2) 

is a derivation in the second argument and vanishes on commutators in the first argument. 
Moreover, this bracket turns A into a left Loday algebra meaning that the following relation 
holds for all a, b, c E A 

{a,{b,c}} = {{a,b},c} + {b,{a,c}} 

This, in turn, implies that the vectorspace quotient neck = A/[A, A] is a Lie algebra, the 
so called necklace Lie algebra introduced in |4| and |7 1. 

5. Necklaces and flows 

In the foregoing section we proved that there is an etale Poisson structure on the quotient 
varieties iss Q St and that the double Poisson algebra defines an infinite dimensional Lie 
algebra neck, the necklace Lie algebra. In this section we will see that these necklaces 
induce vectorfields and flows on the quiver quotient varieties, thereby inducing a dynamic 
aspect on all iss a St- 

As seen before (theorem^, a large class of algebras has symmetric (potentially double) 
quivers A associated to them. The involution * gives rise to a symplectic structure on the 
path algebra kA.. The study of non-commutative differential forms for path algebras of 
quivers was independently developed in |4| and Q- A concise outline of this construction 
is given here, following the first article. 

Definition 8. Let A be a quiver on k vertices. A basis for the relativedifferential n-forms 
fly A is given by the elements 

Po dpi ■ ■■ dp n 

where the pi are oriented paths in A, which are nontrivial for i > 1, and such that the 
starting point of pi is the end point of Pi+i. 

Definition 9. A necklace or necklace word n in A is an oriented cyclic path in A upto 
cyclic equivalence. 
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If a is an arrow in a necklace n, we can define the derivative ^ as the sum of all oriented 
pathsobtained by deleting one occurrence of a in n. The differential d takes a necklace n 
in A to 

dn := } -^-da. 

. da 

o£A„ 

After dividing out the supercommutators, 

f2 n A 

dR"A 



y:u [n* a, ^r 4 A] ' 

we obtain the relative Karoubi complex, 

dR° dR^A dR 2 „A 

The first of these terms dR* are known explicitly. dR^A = [kA^A] * s t ' le vec torspace 
spanned by all necklace words in A. dR* A is the vectorspace defined by 

dR* = < p da p is a path in A starting in t(a) > . 
I aeA a J 
Let A now be a double quiver and let L C A a be the equivalence class of all unstarred 
arrows in A a . 

Definition 10. For each double quiver A, we can define a Lie algebra structure on the 
space dR®A by 

, / dn dn' dn dn n 

i n > n \ : = Is I fa ~ ~fa 

We call this the necklace Lie algebra of A. 

This can be illustrated by a simplified example sketch. Let n and n' be two necklaces 
having where n contains exactly one un-*-ed arrow a for which n' contains the *-ed a*, 
and n does not contain a* for which n' contains a, then 

Q 



- 



and for multiple occurrences of couples of *-ed and un-*-ed arrows in these necklaces, 
sums of the above operations are to be taken. Examples of these Lie brackets can be found 
in the examples[6]and0 

Let dRy A ea; be the kernel of dR* A -^U dR.^A. 

Definition 11. We define der^A the Lie algebra of symplectic derivations of kA as the 
k xk -derivations ofkA which preserve the moment element 

m := aa* — a*a G kA, 

aEL 

being the sum of all commutators of couples of *-ed and corresponding un-^-ed arrows. 

Theorem 8 (f4 th. 4.2]). We can now identify dR* A ea; with this der^A by assigning to 
the image dn £ dRl,A ex of a necklace n the k xk -derivation 9 n € der^A, defined by 

dn dn 
n {a) ■■= and 9n{a*) := t^-. 

For example, this symplectic structure can be put on all double quivers arising out of 
theorem|2j e.g. those of examples|6]and0 i.e. 
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Definition 12. A derivation 6 n e der w A is locally nilpotent if for any path p G kA there 
exists a k eN such that 8^ (p) = 0. 

Definition 13. A necklace n is called a one-way necklace if it does not contain both a and 
a*, i.e. if for all arrows a we have {a, a*} % supp(n). 

Lemma 1. A derivation n is locally nilpotent if and only if n is a one-way necklace. 

Proof. Let p be a path in kA and suppose p = ai ■ ■ ■ a\ contains k arrows not in 

supp(n). Now every term of n (p), 

av n (ai) ■ ■ ■ ai 
contains k — 1 arrows not in supp(n), because 

• if ai G supp(n), then 6 n (a,i) = because a* supp(n); 

• if at £ supp(n), then supp(6>„(ai)) C supp(n). 
This yields 

0n +1 (p)=0. 

[==>]. Let n be a necklace containing k times the arrow a and I times the arrow a*, with 
k, I > 1. We denote this degree by # a (n) = k and # a * (n) = I. So all I terms p of n (a) 
are negative and 

# a (p) = fc and # .(p)=Z-l. 
All fc terms p' of 6 n (a*) are positive and 

# a (p') = fc-l and # a ,(p')=l. 
For every termp" of 0„(2) for any other arrow z e supp(n) we have 

# a {p")=k and # a ,(p") = l. 
We will now study the terms of the lowest degree in a and a* of l n {a*) for t E N. 

• Considering 0^(a*), the terms of the lowest degree are those of the form 

z x ■ ■ -0 n (a*) ■ ■ ■ zi and z x ■ ■ ■ 6 n (a) ■ ■ ■ z\ 

with z x • ■ ■ Z\ being a term (of minimal degree in a and a*) of 6 n (a*). Both terms 
contain 2k — 2 times the arrow a and 21 — 1 times the arrow a*. Moreover, the first 
term has positive sign, the second negative. There are k 2 l terms of the first kind 
(k terms z x ■ ■ ■ z\, k times a in n and / times a* in z x ■ ■ ■ z{), and kl(k — 1) of the 
second kind (k terms z x ■ ■ ■ z\, I times a* in n and k — 1 times a in z x • • • zi). So 
if the derivation is locally nilpotent of degree two for a*, then these kinds of terms 
need to cancel each other out, so k 2 l — kl(k — 1) = kl = 0, which is impossible. 

• Terms of the lowest degree of 0^(a*) are again those of the form 

z x ■ ■ ■ 6 n (a*) ■ ■ -z\ and z x ■ ■ ■ 6 n (a) ■ ■ ■ z\ 

with z x ■ ■ ■ z\ being a term of minimal degree in a and a* of 6 2 (a*). Both above 
terms contain 3fc — 3 times the arrow a and 31 — 2 times the arrow a*. The sign 
of those terms depends on the sign of z x ■ ■ ■ z\\ so there are k 2 l(2l — 1) + kl(k — 
l)(2fc - 2) positive terms and k 2 l(2k - 2) + kl(k - l)(2l - 1) negative terms 
in total. So if the derivation is locally nilpotent of degree three for a*, then these 
kinds of terms need to cancel each other out, so 2(k — l) = l, which is impossible. 

• Suppose now l n {a*) is not and its terms of minimal degree in a and a* contain 
tk — t times the arrow a and tl — (t — 1) times the arrow a*. Suppose furthermore 
that #^(a*) contains s + positive terms of minimal degree and s_ negative ones 
and s + ^ S-. 

• Now, terms of the lowest degree of (a*) are those of the form 

z x ■ ■ ■ 6 n (a*) ■ ■ -z\ and z x ■ ■ ■ 6 n (a) ■ ■ ■ z\ 

with z x ■ ■ ■ z\ being a term of minimal degree in a and a* of #^(a*). Both above 
terms contain (t + l)k - (t + 1) times the arrow a and (t + 1)1 — t times the 
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arrow a*. The sign of those terms depends on the sign of z x ■ ■ ■ Z\\ so there are 
s + (tl — (t — 1)) + S-(tk — t) positive terms and s + (tk —t) + S-(tl — (t — 1)) 
negative terms in total. So if the derivation is locally nilpotent of degree t + 1 for 
a*, then these kinds of terms need to cancel each other out, so t(k — l) = l, which 
is impossible. 

Thus, the derivation 6 n is not locally nilpotent, because for any t £ N, 6^ (a*) ^ 0. □ 

A special case of the previous lemma is the following: 

Lemma 2. If a necklace n contains only *-ed or only un-*-ed arrows (i.e. supp(n) C L 
or supp(n) C L*) then the derivation 6 n is locally nilpotent. 

Definition 14. Using a locally nilpotent derivation 8 n , we can define a symplectic flow j n 
on kA by 

OO j 

ln,p — e — 2-~i j\ 

Given a double quiver A, we're interested in the group generated by all symplectic flows 
on A coming from locally nilpotent derivations, 

f low A := ( j n<p | n a one-way necklace, pGk). 

Let {ni, . . . ,ni} be all primitive one-way necklaces. We would like for mi, ma 6 
k[ni, . . . ,ni] and pi, p 2 6 k that 

7m 2 ,P2 ° 7mi,pi = 7m, p 

for a certain m € k[ni, . . . , n/] and p e k. Unfortunately, this is not the case in general. 
This can be easily seen in the case of the Calogero-Moser quiver from example [5] with 
necklaces mi = j^p[b k+1 and 7712 = Tpib* l+1 . The statement does hold for the certain 
(abelian) subgroups of the form 

flow^ „ fc := ( j m . p I m G k[ni, . . . ,n k ],p G k } C flow A , 

with k < I. 

Lemma 3. Let m, . . . ,nu be a set of primitive one-way necklaces in a double quiver A 
and for which 

k 

Va e A a : {a, a*} % [J supp(ni) 

i=i 

then 

±loVl n 1 ,...,n k = { 7m,p | TH € k[m, . . • , Tlfc], p G k } 

w/f/i 7m 2:P2 o 7„ ll:Pl = 7 m , 1 where m = p 2 m 2 + pim x . 

Proof. Proof left to the reader. □ 

We will briefly put forward three examples: one related to Calogero-Moser flows, one 
related to the projective modular group and one related to GL 2 (Z). 

Example 5. Consider the symplectic Calogero-Moser quiver, 



h 




b* 



We can define a symplectic structure on this quiver by taking L — {a, b}. Under compo- 
sition, all necklaces are now generated by the elementary necklaces aa*, b and b*. All Lie 
brackets between those elementary necklaces are zero. 
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The only necklaces in A containing only un-*-ed arrows are monomials in b. The sym- 
plectic derivation 9 n corresponding to the necklace n = -^jb k+1 is defined by 



d n (a) = 6 n (a*) = d n {b) = 



and therefore, 



C +1 ((6*) m )=0, 
so the corresponding flow "f n ^ p is well defined, by 

7n,p(a) = a ln, P {a*) = a* 7n, P {b) = b 7n, P {b*) = b* + pb k . 
In this case, the moment element m turns out to be 

m = [a, a*] + [b, b*] = —a*ae\ + (aa* + bb* — b*b)e2- 
We can now take as dimension vector a = (1, k) and look at the deformed preprojective 



algebra f|4|J, 



kA 



(m - A) 
where A = — ke± + lea. Then 

iss a n A = rep Q nA/GL Q = calo fe , 

the Calogero-Moser phase space. This space calo^ can be identified with pairs ofkxk- 
mat rices 

(X, Z) e Mfe(k) x M fe (k) where rank {[X, Z]+I k ) = l. 

For more details on the Calogero-Moser phase space, see \ 20 1 and the link with necklace 
Lie algebras is investigated in Q. These matrices X and Z correspond to the loops b 
and b* in A. As the coordinate ring of the quotient variety iss Q A (and thus the quotient 
±ss a Il\) is generated by traces along oriented cycles in A, we see that the automorphism 
7„ iP defines a GL n -invariant flow on rep Q il,\ defined by 

(X, Z, u, v) ^ (X + tZ r \ Z, u, v) 

which generate the Calogero-Moser flows on caloj, as defined in 1201 . 

For the Calogero-Moser quiver, there are two abelian subgroups f low^ arising from 
lemma]3\ one for n = b and one for n = b*. 

Example 6. We can define a symplectic structure on the quiver A corresponding to 
kPSL 2 (Z), 




S4 N VJW^/ S3 

by taking L — {si, . . . , Se} and s* — t{. Under composition, all necklaces are now 
generated by the elementary necklaces: 

Li = SiU S = S6S5S4S3S2S1 T = tit 2 ht4tst G 

All Lie brackets between those elementary necklaces are 

[L i ,L j ] = Q [L h S\=S [T,L l ]=T 

e / \ 6 f /? u\ 

»=1 / i=l 
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The only one-way necklaces in A are monomials in S and monomials in T. The sym- 
plectic derivation 9 n corresponding to the necklace n = j^p[S k+1 is defined by 

On(Si) = 9 n (U) = Si-i ■ ■ ■ siS k s 6 ■ ■ ■ Si+i, 

and therefore, d^ d+1 (T d ) = 0, so the corresponding flow ^n.p is well defined, by 

ln,p{Si) = s l ln,p(U) =U + p(si-i ■ ■ ■ SiS k s 6 ■ ■ ■ Sj+l). 

For PSL2(Z), there are two abelian subgroups flow^ arising from lemma\3\ one for 
n = S and one for n = T. 

Example 7. Let us name the arrows in the larger component of the local quiver 0/GL2 (Z) 
( the smaller component is not double), 




Let L = {pi, . . . ,p$,xi, x 2 }, and let p* = qi and x* = yi. Under composition, all 
necklaces are now generated by the elementary necklaces: 




G p 



■ ■ -Pi 




Li = piqi 



G q = pi ■ • • ps 



Mi = Xiyi 



_ / = xipip 8 p 7 p & K% 2 = X2P3P2P1P8 

Ky-L = V1P5P4P3P2 KP 2 = U2P7P6P5P4 



f*9 

JO: 

&4> 



K% x = xiq 2 q 3 q4q5 K% 2 = x 2 qiqsq&q7 



K q 

Vi 



E.r 



PiPs,x 2 q4q5Xi 

■ qeq7X2P3P2Vi 



K q 

V2 



E,. 



V2qsqiq2q3 



q2q 3 V2P7P6Xi 

■ PbPAV2qsqiyi 



We calculate the brackets between those elementary necklaces, and where the occasional 
1 in the first part of the bracket is an Xi. Some interesting non-zero brackets are: 
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The necklaces in A containing only *-ed arrows are generated by 

Let's consider the three derivations corresponding to these elementary necklaces. First, for 
n = G p , we have 

O n (Pi) = O n {xi) = 9 n (y,j) = O n (qi) = Pi-! ■ ■ -pip 8 ■ ■ -p i+ i 

giving rise to the flow J n , p , 

ln,p(Pi) = Pi ln,p{xi) = Xi ln,p{Vi) = Vi 

ln,p(li) = 1i + P(Pi-l ■ ■ 'PIPS ■ ■ 'Pi+i) 

For the necklace n = K£ , the derivation becomes, 

i 

n (Pi) = o n {x 2 ) = e n { Vi ) = o 

O n {qi) = Pi-i ■ ■ -peXiPi ■ ■ -Pi+i fori = 1,6,7,8 
6 n (q t ) = for i = 2,3,4,5 

giving rise to the flow J n ,p> 

Jn,p(pi) = Pi 7n,p(x2) = X 2 1n,p(Vi) = Vi 

In.pili) = 1i+ P(Pi-i ' ' 'PeXiPi ■ ■■Pi+i) fori = 1,6, 7,8 
ln,p{Qi)=Qi for i= 2, 3, 4, 5 
Finally and analogously, we find for the necklace n — K% 2 , 

n {p l ) = 9 n {x x ) = 9 n {vi) = 

O n {qi) = Pi-i ■ ■ -P8X 2 P3 ■ ■ -Pi+i fori = 1,2,3,8 
e n ( qi ) = for i = 4, 5,6,7 

giving rise to the flow J n , p , 

ln,p(Pi) =Pi ln,p{.Xi) = Xi ln,p(yi) = Vi 

Jn,p(Qi) = qi+ p{Pi-i ■ ■ -P8X2P3 ■ ■ -Pi+i) fori = 1,2,3,8 
ln, P (qi)=qi fori = 4,5,6,7 

For GL/2(Z), there are sixteen abelian subgroups f low^ n arising from lemma\3\ 
There are eight groups corresponding to 




and eight corresponding to 
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6. COMPACTIFICATIONS 

In the foregoing section we have seen that one-way necklaces induce flows on the affine 
quotient varieties iss Q St- In order to turn these flows into integral curves it would be 
interesting to have natural compactifications of these quotient varieties. In this section 
we will show that this is indeed possible following the suggestion from II II to construct 
non-commutative compact manifolds. 

Let St be a tree of semi-simple algebras with associated Zariski quiver T — T(St)- 
In section |2 we have seen that we can identify isomorphism classes of finite dimensional 
St -representations with those of a certain universal localization kTs of the path algebra of 
this quiver without oriented cycles. 

Definition 15. A dimension vector a = {oq :vdV,l<i<n v )ofTis said to be a 
weak n-dimension vector provided for allv^V we have 

4=1 

For any edge © © in T we denote with T e the bipartite subquiver ofT = Y(St) 

defined by the embeddings S v - — D S e c — ► S w . 

Given a weak n-dimension vector a and an edge e G T and M G rep Q T we say that 

• M is e-semistable if and only if for every sub representation N of M\T e of dimen- 
sion vector {k\ , . . . , k nv , l\ , . . . , l nw ) we have 

hd w (i) > ^ hd v (i) 

i=l i=l 

• M is e-stable if and only if for every subrepresentation N of M\T e of dimension 
vector (k\ , . . . , k nv , l\ , . . . , l Uui ) we have 

hd w (i) > ^ hd v (i) 

4=1 4 = 1 

• M is ST-semistable (resp. ST-stable) if and only if M is e-semistable (resp. e- 
stable) for every edge e G T. 

We recall from 1 12 Prop 8] that every T-representation corresponding to a finite dimen- 
sional ^T-representation is e-semistable and is e-stable if and only if the St -representation 
is simple. That is, rep St is an Abelian subcategory of the Abelian category sst T of 
all cSr-semistable representations of T (for varying weak n-dimension vectors). Observe 
that by additivity of dimension vectors in short exact sequences, kernels and cokernels of 
morphisms between two iSy-stable representations are again tSr-semistable. Modifying the 
argument of 1 12 1 one can cover sst T with subcategories isomorphic to rep kTs, the fi- 
nite dimensional representations of suitable universal localizations of the finite dimensional 
path algebra kT. We outline the main ideas. 

Fix an edge © © in T, let T e be the corresponding bipartite quiver and 

a e = (ai, . . . , a Uv , bi, . . . , b nw ) the restriction of a to T e . Consider the character 
e : GL(a e ) >► k* sending (gi g Uv , h\ h na ) to 

det( 9l ) dJ1) . . . det{g nv ) d ^det{h 1 )- d ^ . . . det{h nm )~ d ^ n ^ 

A polynomial function / e k[rep Q r e ] is said to be # e -semi-invariant of weight / G N 
whenever 

9-f = 8 e ( g ) l f Vg e GL(a e ) 
The weight function turns the ring of polynomial e -semi-invariants into a positively graded 
algebra k[rep Q p e ]GL(a e ),e e w ith part of degree zero reduced to k (as T e is bipartite and 
in particular does not have oriented cycles). Hence, it defines a projective variety 

moduli** T e = proj k[rep Qc r e } GL{a ^' 9 ' 
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called the moduli space of e-semistable a e - dimensional representations ofT e . From 1 8 1 we 
recall that the k-points of moduli^" T e correspond to isomorphism classes of direct sums 
of e-stable representations of Y e of total dimension a e . 

Repeating this construction for all edges {ei, . . . , e z } we therefore obtain an immersion 
of the quotient variety iss Q St into a product of projective varieties 

o 
iss Q St c — •* moduli^ 1 Y ei x . . . x moduli^ T ez 

In order to study these varieties as well as to describe the link with universal localizations of 
kr we recall the generating result of # e -semi-invariants by determinantal semi-invariants 
due to Aidan Schofield and Michel Van den Bergh, 1151 . 

For a fixed edge © in T and weight l e G N + consider a block-matrix A e with 

entries in kr e 











A e = 














A 



where the block-matrix Ay has size l e d w (j) x l e d v (i) and all its entries are linear combi- 
nations of arrows in Y e from vertex fj/f' to vertex fi^ w \ 

Evaluating the matrix A e in V G rep Q T e for a weak n-dimension vector a we obtain 
a square matrix and its determinant 

del A e (-) : rep^ T e ► k 

is a 6? e -semi-invariant polynomial function of weight I. In 1151 it is proved that these deter- 
minantal semi-invariants generate the ring of semi-invariants k[rep Q p e ]GL(a e ),e c 

Observe, as before, that the matrix A e defines a morphism of right kr-modules be- 
tween finitely generated projective kr-modules. For I = (l ei , . . . , Z e «) £ ^+ an d 
A = { A ei , . . . , A ez } consider the universal localization krA- Observe that the algebra 
kr^ constructed in section|2]having the same finite dimensional representations as St is a 
special case of this construction. Similarly, for each A, the corresponding quotient variety 

X Q (A) = iss Q krA 


is an affine open subset of the projective variety moduli^ 1 Y ei x . . . x moduli^* T e ^. 

By the generating result, these affine open subsets X Q (A) form a Zariski cover. Phrased in 

categorical terms we have 

Theorem 9. The abelian category sst T of all St -semistable finite dimensional represen- 
tations of the Zariski quiver Y — T(St) is the union 

sst r = rep krA 

A 

where A runs over all z-tuples of matrices constructed above. Observe that all kr 'a are 
qurves so ssY can be viewed as a non- commutative compact manifold. 

To perform a local study of the projective varieties which compactify iss Q St we need 
to be able to determine the etale quiver of the universal localizations krA- Again, the 
vertices correspond to the semigroup generators of a certain sub-semigroup Sa of all di- 
mension vectors of Y and the Euler-form xr can then be used to determine the arrows in 
the etale quiver. 
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Theorem 10. For fixed I — (l ei , . . . , l e J e an<i A = { A ei , . . . , A e ^ }, f/?e semigroup 

Sa consists of the weak n- dimension vectors a such that for every edge © in T, 

weight l e € N+ araof block-matrix A e 









A-rivl 


A e = 














A 


f/te components of the dimension vector a e 


= (ai, . . . 





ing inequalities 



o-i < min(Pjj , Qij tV )bj and bj < min(Pjj , Rjj !V )aj 
j=i »=i 



vv/zere Pjj is f/ze number of arrows in T e from vertex fj,^ to vertex /xj 1 "'' and where Qij yV 
(resp. Rij. v ) is the number of linearly independent entries in the v-th column (resp. in the 
v-th row) of the block-matrix Aij. 

In general, however,it is no longer true that the etale quiver associated to Iff a will be 
symmetric. 

Example 8. ( Continuing the GL2CZ) example) Recall that the Zariski quiver r(GX2(Z)) 
is of the following form 





Denote with Bij the uniquely determined arrow from the i-th left vertex to the j-th right 



vertex and with and B^t/ the two arrows from as to 65. Consider the matrix 



,(2) 



A = 



B n 





B31 








■ 





B22 





B42 








Bw 


B26 


B36 











Bie 


B26 





B46 








































B54 






























R (2) 

B55 


R (l) 

B55 J 



Then, in addition to the generators {gi, . . . , 510} described above, the semigroup Sa has 
the additional generators 





n 


Oi 


«2 


03 


04 


bi 


&2 




511 


2 


1 





1 











1 


512 


2 





1 








1 





1 
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for the first component, and another two for the second component 





n 


a 5 


63 


b 4 


b 5 


513 


4 


2 


2 





1 


514 


4 


2 





2 


1 



The etale quiver of kT^ has the following form 




where the first component is not symmetric but has the interesting property that every vertex 
has exactly three incoming and three outgoing arrows. 
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